Cutting a Cake
Question: How do you cut a cake for n people such that each person feels that they got a fair share of the cake or is not envious of anyone else’s piece?

Two-person procedure: “I cut, you choose”

· person A cuts the cake into what s/he feels is 2 fair pieces
· person B chooses

· A takes the remaining piece

Three person procedure I: Moving Knife (not envy-free)

· A neutral person moves the knife along the cake from left to right at a steady rate
· What a person feels the piece is being cut off to the left of the knife is a fair third of the cake, s/he yells “cut!”

· That person takes that particular piece

· The procedure is repeated for the other 2 players

· (can be generalized for n people)

Three person procedure II: (envy-free)

· A divides the cake into what s/he believes is 3 fair pieces

· B takes what he feels is the largest piece and trims it down to that he feels it is equal to the second-largest piece

· C chooses a piece

· B chooses, but B is obligated to choose the trimmed piece if C didn’t

· A takes the last piece

· (can be generalized for n people)

Think about it:
· Why can’t the “I cut, you choose” be generalized?
· In the moving-knife procedure, why is it in a person’s best interests to yell “cut” as soon as s/he feels that the piece to the left is a fair share of the cake?

· Why is the moving-knife procedure not envy-free?

· Is using the moving-knife to give the first person their slice and then applying “I cut, you choose” for the other 2 people an envy-free way to divide a cut amongst 3 people?

· What set of steps could be applied to the trimmings in the last procedure to give them out fairly (no infinite cake-cutting allowed)

· Why is the last method impractical when the number of people sharing the cake is increased?

Speed Math: Multiplying 2-Digit Numbers

General directions:
· round off one of the numbers to the nearest multiple of 10 (or 5, if the other number is even)
· multiply 

· add/subtract what you rounded multiplied by the other number (10’s and units separately is often faster)

Extras:

· multiply off a factor of 5 first whenever the other number is odd

· round of to 25 whenever possible

· if multiplying by a factor of the number reduces the remaining number to 11, then do it

· otherwise, avoid multiplying the numbers factor by factor

Example 1: 76x22
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1672 is the answer

Example 2: 49x78
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The answer is 3722

Planting Tomatoes

Simple version of question:
“Person X bought a certain number of objects. He has n too few/many to arrange his objects in rows of m1, m2, m3, m4, … What is the least number of objects he could have?”

This means that he has n more/less than the least common multiple of m1, m2, m3, m4…

Complex version:

“Person X has a certain number of objects. He has n1 too few/many objects to arrange them in rows of m1. Then, x1 objects go missing. He now has n2 too few/many objects to arrange them in rows of m2…(and so on). What is the least number of objects he could have?”

For small numbers (especially when mi=10 for some i), guess and check with units digits is often the most effective method. Problems rarely involve more than 3 layers for the sake of time. Otherwise, the problem can be solved using modular congruences for r objects:
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Think about it:
· Solving the complex version using modular arithmetic results in the set of all possible solutions. How could you express the set of all possible solutions for the simple version?
· How could you use layering (solve the congruences 2 at a time) to find the solution for the complex version (involves LCMs). 

From Infinity to x: Number Theory

Number theory- the branch of mathematics dealing with integers and their properties

From Infinity to x: Divisors and Factors

General Definitions/Formulae:

For integers 
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for primes p and integers e,k :
· LCM: 
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· GCF: 
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· Number of factors: 
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Example:
What are the least positive integer values of x and y such that 
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We know that both x and y have factors of 3 and 5. To get the least positive integer value, we avoid introducing any more factors.

Let x3 be the exponent of 3 in x, and so on.
We know: 
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, for some k

The smallest value for x3 is therefore 1. This means 
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The smallest value for y5 is therefore 1. This means 
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Therefore, 
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From Infinity to x: Diophantine Equations

Definition: Diophantine Equations are equations that deal only with integer solutions. Note that the graph of a Diophantine equation looks the same as if that equation were graphed normally, but only the lattice points that it hits are taken into account.
1st Degree Equations:
A 1st degree equation with 2 variable is generally in the form 
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 for constants a,b,c.
Occasionally, you also will find 3 variable equations in the form 
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How to solve:

· find any solution (guess and check) or show that there is none
· for a solution (r,s), other solutions will be in the form (r+bk, s-ak) for all integers k

Example 1:
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1st solution: (4,0)

All solutions: (4+4k, 0-3k)

2nd Degree Equations:

2nd degree Diophantine Equations are generally in the form 
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for constants a,b,c,d.
Note that there is an easy solution only when a divides bc.
How to solve when a=1: (using Simon’s Favorite Factoring Trick)

· add bc to both sides

· then, 
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· you can factor this into 
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· take all possible sets of numbers (positive and negative) that multiply to d+bc and equal them to the LHS

Example 2:

[image: image23.wmf]347

xyxy

++=



[image: image24.wmf]341219

xyxy

+++=



[image: image25.wmf](4)(3)19

xy

++=


Sets that multiply to 19: 
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Solution sets for (x,y): 
[image: image27.wmf](3,16),(15,2),(5,22),(4,21)

------


From Infinity to x: Modular Arithmetic & Linear Congruences
Definition:
Modular arithmetic deals with the residues, or remainders, of division. Therefore, we define
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to be true is the remainder when a is divided by m is equal to the remainder when b is divided by m. [i.e. 1=4=7=-2=-5 (mod 3)] 
Mods can go into negatives but never involve fractions.

Operations:
Addition: if 
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Subtraction: if 
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Multiplication: if 
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Division: if 
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 if and only if d and m are relatively prime
If d and m are not relatively prime, then 
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Although the first equality still holds in this case, it does not cover all possible solutions.

Modular Inverse: for some integer a, the modular inverse of a is some integer x such that 
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Linear Congruences:
A linear congruence is of the form 
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 for integer constants a,b,c,m and variable x.
How to solve I:
· isolate the variable: 
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· this is equivalent to 
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for some k.

· find some value c-b+km such that it is divisible by a
· then, 
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· divide both sides by a, being careful about the rules for division

· then, 
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How to solve II: (only works when a and m are relatively prime)
· isolate the variable: 
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· multiply both sides by the modular inverse of a
· then, 
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· therefore, 
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 for all integers k
Example 1:
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Therefore, all solutions are in the form 
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 for all integers k.

Example 2:
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the inverse of 5 is 3
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Therefore, all solutions are in the form 
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 for all integers k.
Systems of Linear Congruences:
We let a system of linear congruences be 
[image: image56.wmf](mod)

xam

=

 and 
[image: image57.wmf](mod)

xbn

=

 since we already know how to solve a single linear congruence to this point.
How to solve:

· we know that 
[image: image58.wmf]xkma

=+

 and 
[image: image59.wmf]xrnb

=+

 for integers r,k 
· looking at 
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, we see that 
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· we can solve this to be 
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· this means that 
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· then, 
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· therefore, 
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Example 3:
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