SIMC 6/7/8th Grade Week 1

August 4, 2007: Number Theory & Algebra

Homework Handout Solutions
Assigned: August 4

Due: August 11
1). Solve each of the following for all integer solutions or explain why there are no solutions. 

a). 
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Easy first solution: (3, 1) or (1, 2)

All solutions are of the form (3+2k, 1-k)

b). 
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Easy first solution: (3, -1)

All solutions are of the form (3+13k, -1-6k)
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No solutions: RHS must be a multiple of 2 for integer solutions

d). 
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Solutions: (13,5), (3, 15), (1,-7), (-9,3)

e). 
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Solutions: (4,-1), (2,1), (0,-5), (-2,-3)
f). 
[image: image8.wmf]2349

abab

-+=



[image: image9.wmf](2)(23)3

ab

+-=


Solutions: (1,2), (-1,3), (-3,0), (-5,1)

2). Solve the set of linear equations for (a, b, c)
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Let x=10a, y=25b, z=13c, so
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Then, x,y,z are the roots of the cubic polynomial
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Which factors as 
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This can be permuted in any of 6 ways to obtain x,y,z.

x,y,z can be transformed back to find a,b,c, resulting in:
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3). Ms. Fizz is having a bad hair year. She realized that the Fizz Factor of her hair is 
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where f is her Fizz Factor from the previous day and a is the number of paper airplanes her class launches at her. Ms. Fizz’s class wants to know how many paper airplanes they can throw at her that day. Since Ms. Fizz gives out a detentions for each Fizz Factor above 100, the class wants to obtain a Fizz Factor of exactly 102 (to get rid of some of the annoying monkey-people sitting in the back of the class). Assuming a worst case scenario for Ms. Fizz’s Fizz Factor from the previous day, how many paper airplanes can they launch at her? (A worst case scenario means the highest possible starting Fizz Factor).
This translates into the Diophantine equation
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The only possible solution is that Ms. Fizz arrives with a Fizz Factor of 51 and no paper airplanes are thrown.
4). Find a quadratic equation satisfying:

a) f(1)=11, f(2)=18, f(3)=27
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b) f(5)=16, f(7)=20, f(13)=126
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5). Find a cubic equation satisfying the following: f(1)=-22, f(2)=4, f(3)=82, f(4)=242

(you will need to know that 
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Method 1: (using a difference table and summation notation)
	X
	1
	2
	3
	4

	F(x)
	-22
	4
	82
	242

	ΔF(x)
	26
	78
	160
	

	Δ2F(x)
	52
	82
	
	

	Δ3F(x)
	30
	
	
	


Δ3F(x)= 30 (since this is a cubic, the 3rd difference must be constant)

Δ2F(x)= 
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ΔF(x)= 
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F(x)= 
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Method 2: (using systems of linear equations)

Using the equation 
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, we get:
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Solving, we get a=5, b=-4, c=3, d=-26, so
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